This article considers the design of a compact isolator with quasi-zero stiffness. It has high vibration control properties at low weight and dimensions. Also the developed vibration isolator with quasi-zero stiffness can protect against lowfrequency vibration. The vibration isolator is of a passive type, made from a single elastic material, which will be compact and convenient in manufacturing. An analytical study of the vibration isolation, its manufacturing and experimental static study are presented. The natural frequency of the developed vibration isolator with quasi-zero stiffness is less than 1 Hz.
INTRODUCTION
Scientific and technological breakthroughs in recent years have led to the opportunity to build a large and powerful machines, equipment, and at the same time, high-precision manufacturing equipment and systems with fine-tuning. Despite the difference in size of these machines and equipment they have the same problem -vibration. Machines are becoming more powerful and more compact, and this inevitably leads to increased equipment vibration.
For precision equipment vibration is a problem, but in this case one must not reduce the level of generated vibration but the vibration transmitted to the equipment. Every year precision machinery is becoming more accurate, all operations are performed with smaller size equipment, so even the same level of vibration that were a few years ago might be too high at the present day. Therefore, vibration protection of precision equipment must be improved.
The problem of vibrations also appears in civil engineering [1] . In addition to the requirements of reducing the overall level of vibration there is a problem of low frequency vibration isolation. Vibrations of high frequency are well reduced by conventional elastic material, in particular rubber and other polymers. But low frequency vibration spreads better than high frequency. It is worse damped and hard to isolate.
Note that low frequency vibration harmfully influences on human [2] [3] . Low frequency vibration produces low frequency noise that has also harmful effect [4] .
Fundamental frequency vibration of piston gas compressor units is 6-12 Hz (i.e. rotor speed 300-600 rev/min), wind generators −6-10 Hz. Similar indicators correspond to gas engine compressors and equipment, reciprocating machines in general, machines of shock type (hammers) and other equipment.
Vibration of such low frequency is difficult to reduce. For effective reduction of the vibration of a certain frequency f corresponding isolators must have a natural frequency less than 0.25f [5] . For the discussed machines and equipment
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the natural frequency should be 1.5-3 Hz or less. So vibration isolators for such machines should have simultaneously low rigidity and high static loading. But this is impossible for traditional springs and rubber vibration insulators, because then they would have to have very large dimensions. For example, to have a conventional spring isolator natural frequency of 1 Hz, its static compression should be 25 cm hence the length of such a spring will be 1 m or more, and this is clearly not acceptable. Thus, it is clear that in this case the use of traditional means of vibration control with linear force characteristic (spring and rubber vibration) is impossible.
In general, the issue of simultaneously obtaining low stiffness and high load is a well-known problem [6] [7] [8] . It is possible to solve this problem with systems of quasi-zero stiffness. But these systems are complex and hard to manufacture them.
The next section describes how to design and manufacture isolators with very low natural frequency based on the effect of quasi-zero stiffness.
APPLICATION OF QUASI-ZERO STIFFNESS IN VIBRATION ISOLATION
A system with quasi-zero stiffness is an elastic system with a flat area on its static force characteristic, i.e. an area with stiffness near zero. A typical shape of force characteristics with quasi-zero stiffness is shown in Figure 1 , where the dashed lines show operating region of the system.
A system with quasi-zero stiffness allows to obtain simultaneously high static load and low dynamic stiffness. This quality makes such systems very promising in the field of protection against vibration and shock, as well as in displacement compensators. Low stiffness of the system with a significant static load reduces the natural frequency to up to 1 Hz and less that allows to isolate a wide range of vibrations, including extremely low frequency.
Constant force restoration over a wide range of displacements allows these systems to have not only a high degree of vibration isolation, but also the ability to compensate for subsidence of structures and seismic effects. However, they also have several disadvantages, including design complexity and configuration requirements.
Systems with quasi-zero stiffness are still quite new in mechanical engineering and their theoretical and practical studies are of interest.
The first elastic system with quasi-zero stiffness was proposed by Alabuzhev in 1967 [9] . It was based on elements with negative stiffness.
It is possible to obtain quasi-zero stiffness with one vertical and two inclined springs. Such a mechanism has been studied by several researchers including Alabuzhev and Carrella [9] [10] [11] [12] . There is also a well-known method of obtaining quasi-zero stiffness is to use a curved plate with two stable states (bistable plate) [13] . A further method of obtaining quasi-zero stiffness is to use a "scissor-like" system with spring as it proposed by Sun et al [14] . Different active methods of vibration isolation can also be used to create a systems quasi-zero stiffness. For example, it is possible to use pneumatic active elements as reported in [15] and [16] or by means of electromagnetic systems [17] . Installation of the machine rotor on an elastic suspension with quasi-zero stiffness is also promising [18] . However, to ensure a low stiffness and a certain static load in a very limited space commensurate with the size of the rotor bearing is a complex engineering problem.
Most of the developed systems with quasi-zero stiffness are characterized by many elements. For most designs, one must have at least a support element, stiffness compensator and connecting elements [19] . However various elements causes lead to design complexity, including increase in size, and most importantly, high friction, which significantly affects the quality of the vibration isolation system. Thus, the creation of a compact, light vibration isolator with quasi-zero stiffness, which has minimum parts and components, is an engineering requirement nowadays, especially in application where size or weight are limited. For example, vibration isolators of marine engines have serious size requirements, and at the same time high vibration isolation parameters.
DESIGN SPECIFICATION OF A COMPACT VIBRATION ISOLATION WITH QUASI-ZERO STIFFNESS
Analysis of various systems with quasi-zero stiffness has shown that these systems have great potential in vibration isolation, but achieving this effect on a reliable level causes problems [19] . An overview of the latest achievements in this field shows that systems with quasi-zero stiffness may theoretically isolate vibration very well, but there are only few working models. The few available prototypes are unstable due to large number of elements, and this also lead to the high level of friction in the vibration isolator that ultimately degrades the system performance.
Thus, it is required to develop quasi-zero stiffness isolators with minimum number of elements, preferably with only one that will provide the best simplicity, and thus high reliability.
It was decided to design a vibration isolator with quasi-zero stiffness in the form of a single item or several identical items stacked together). A vibration isolator in the form a diaphragm (dome) is adopted. Thus it is possible to obtain the effect of quasi-zero stiffness in one element, i.e. without moving parts.
The isolator at unloaded condition is shown in Figure 2 , where d 1 represents diameter of the inner wall; d 2 diameter of the outer wall; t wall thickness; s height of the outer wall; ϕ angle of the wall inclination; h s height of the outer wall; t s thickness of the outer wall; F load and x compression.
An analytical study of the vibration isolator is presented in the next section. 
4.

ANALYTICAL STUDY OF THE VIBRATION ISOLATOR WITH QUASI-ZERO STIFFNESS
In this section, the behavior of vibration isolator is studied analytically. Task is to describe the force characteristics of vibration isolator depending on its geometrical parameters and material and the main dependencies which accompany quasi-zero stiffness. Usually analytical analysis requires some assumptions. In this study deformation of the vibration isolator is presented as the deformation of the outer wall, the compression of the inclined wall, and the inclined wall's bend. From the experience of creating an experimental model of vibration isolator deformation of the inner wall is insignificant, so it is neglected in this study.
For the analytical analysis the following parameters are used as input:
• The outer diameter of the vibration isolator d 2 (diameter of outer wall of the vibration isolator).
• The inner diameter of the vibration isolator d 1 (diameter of inner wall of the vibration isolator).
• Wall thickness of the vibration isolator t.
• Thickness of the outer wall of the vibration isolator t s is recommend t s = t. This recommendation is made due to experience of experimental study, where this value of thickness proves to be good from viewpoint of manufacturing.
• Height of the outer walls of the vibration isolator h s . This is recommended as h = 2⋅t s .
• Maximum value of inclination value of the wall ϕ max . With a large angle of inclination ϕ the wall may lose stability. Currently this value is experimentally determined as approximately 25°. But this needs more analysis. • Young's modulus E. In this study polyurethanes was used as material of vibration isolator the Young's modulus of which not constant at high deformations, but for simplicity of analytical analyses this is considered constant.
• Ultimate tensile strength [σ] . Consider the rotation of the outer wall of the vibration isolator and let the outer wall turn at an angle ϕ at vibration isolator deformation as shown in Figure 3 .
The potential energy of the ring of outer wall dW s at distance x from its upper edge, turning it at an angle ϕ, is:
Here cross-sectional area of the ring of the outer wall equals S = t s ⋅dx. The length of the ring of outer wall equals L = πd + 2π ⋅tg ϕ⋅x ≈ πd 2 . Elongation of the ring of the outer wall equals ΔL = 2π ⋅tg ϕ ⋅x. After simplification, the following expression is obtained: Integrating equation (2) yields:
Bending moment, after turning the wall at an angle ϕ , can be obtained as
For analysis of the inclined wall consider wall bending of the vibration isolator ( Figure 4) .
In this analysis the cross-section A (Fig. 4) is considered constant, and r 1 = 0.5⋅d 1 and r 2 = 0.5⋅d 2 . Bending is described by the following equation: (4) where, r is distance from the measured point to the axis of the vibration isolator and M is the moment acting from the outer wall.
It is noted that the moment of inertia is different for each section located at different distances from the axis of the vibration; (5) Thus, substituting for I from equation (5) into equation (4) yields (6) The rotation angle of the wall of the vibration isolation can be obtained by integrating equation (6) , yielding (7) Thus, the rotation angle of the vibration isolation around the outer wall (i.e., at r = r 2 ) is 
Substituting for ϕ from equation (8) into equation in (3) and simplification yields
where (10) The parameter k s characterizes the shape of the outer wall. For a thick or rigid wall the value of k s tends to zero. The parameter k v shows the influence of the outer wall on stiffness. For a thin outer wall, the value of k v approaches zero. For a thick wall, k v tends to the value: (11) when r 2 /r 1 = 2 this value equals k v = 0.279, when r 2 /r 1 = 3: k v = 0.393.
The displacement of the walls (compression of the vibration isolator) is defined as follows: which, after transformations, yields: (12) Thus the potential energy of the wall and outer wall is obtained as: (13) The longitudinal compression of the vibration isolator (compression along the radius of the inclined wall) is assessed next.
Compression of a ring with diameter r and thickness δr is given as: where, the area of cross-section S and length L are given as:
Thus, substituting for S and L as above into equation (14) and re-arranging yields
Integrating the above yields Thus,
The potential energy of the inclined wall compression, using the above, can be written as:
The compression of the vibration isolator wall, depending on deformation (compression) can be estimated as:
Thus, the potential energy of compression of the vibration isolator wall can be expressed as: (16) The potential energy of vibration isolator deformation is given as:
or, using equations (13) and (16), as (17) The restoring force of the vibration isolator is defined as Substituting for W from equation (17) into the above and simplifying yields: 
The stiffness of the vibration isolator is given as: which, after substituting for E from equation (18) gives:
For the vibration isolator to maintain its stability, the condition k ≥ 0 must be satisfied. In the operating point minimum stiffness should be achieved. Thus, minimum stiffness will be achieved at x = S. Substituting this into equation 
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Substituting for S from equation (21) into the above and simplifying yields:
Stresses occurring during bending is much greater than in compression. Thus, the stresses arising from the compression wall along the radius is neglected. Stress in the cross section at a distance r is given as Clearly, the maximum stresses at a point when r = r 1 is given as:
Consider how to increase the operating load with a clamp. In this case, k s is reduced to zero. Using a value k v in the equation (22) Here k v represents a coefficient in the presence of the clamp. Clamp means that coefficient k s , reflecting the shape of the outer wall of the vibration isolator, tends to zero. Thus, from equation (10) and (11): (24) (25) Increase of the operating load, using equations (22) Note that with the initial data r 1 = 14 mm; r 2 = 22.5 mm; d 2 = 45 mm; t = 4 mm; t s = 4 mm; h s = 8 mm, using equations (24)-(26) the operating load ratio is obtained 2.7.
Thus, calculation procedures for the vibration isolator are outlined below.
Step Step 2: Calculate of auxiliary coefficients:
Step 3: Calculate height of the wall S:
Step 4: Calculate the operating load F:
Step 5: Calculate maximum stresses in the wall of vibration isolator σ:
Step 6: Determine inclination angle of the wall ϕ:
, subject to the requirement ϕ<ϕ max .
Step 7: Establish possibility of increasing of operating load with a clamp 
Note that for the normal operation of the vibration isolator requires that the maximum stress σ is less than the ultimate tensile strength [σ], i.e. σ <[σ].
EXPERIMENTAL STATIC STUDY OF THE VIBRATION ISOLATOR WITH QUASI-ZERO STIFFNESS
During manufacture of the proposed quasi-zero stiffness vibration isolators attention should be paid to the choice of material. Vibration isolator must undergo a certain deformation to get quasi-zero stiffness condition. This means that the material must withstand high relative deformation. Examples include rubber, polyurethane and other elastomeric materials, metals and alloys with a high maximum relative deformation. In the experimental studies in this work polyurethanes were used.
The following parameters were used as input data:
• The outer diameter of the vibration isolator d 2 = 55 mm.
• The inner diameter of the vibration isolator d 1 = 45 mm.
• Wall thickness of the vibration isolator t = 3 mm and t = 5 mm.
• Thickness of the outer wall of the vibration isolator t s = 5 mm.
• Height of the outer wall of the vibration isolator h s = 8 mm.
• Height of the wall S = 4 mm.
• Material: cold hardening polyurethanes VytaFlex 30, VytaFlex 40, VytaFlex 60, PMC-790. According to the adopted sizes a computer 3D model was built. Moreover, using a 3D printer a plastic model was printed. To develop a casting mold, Alcosil 315 and MoldStar 15 were used to create the casting forms. An example of ABS-plastic model and the casting is shown in Figure 5 .
To fill the forms the cold hardening polyurethanes VytaFlex 30, VytaFlex 40, VytaFlex 60 and PMC-790 were used allowing vibration isolators of one form but with different stiffnesses and operating loads. Figure 6 shows prototypes of developed vibration isolators with quasi-zero stiffness.
Parameters that characterise a vibration isolator with quasi-zero stiffness are:
• Operating load (load of vibration isolator, at which the dynamic stiffness is minimum); • Operating stiffness (stiffness of vibration isolator at the operating load);
• Natural frequency at the operating load (according static force characteristic);
• The effectiveness of quasi-zero stiffness, i.e. parameter showing the effect in improving the vibration isolation property by quasi-zero stiffness. Consider this parameter as the ratio of the static stiffness to the operating stiffness.
• Decrease in natural frequency due to quasi-zero stiffness, i.e. ratio of natural frequency calculated according to static stiffness at the load to natural frequency calculated according to operating stiffness at the same load. Figure 7 shows the force characteristics of the prototype of vibration isolator with quasi-zero stiffness (material -VytaFlex 60). According to the experimental static studies the prototype has the following parameters:
• Operating load, 5.04 kg;
• Operating stiffness, 360 N/m;
• Natural frequency at the operating load, 1.34 Hz;
• The effectiveness of quasi-zero stiffness, 23.1;
• Decrease in of natural frequency, 4.8 times;
• Height of the vibration isolation in a relaxed state, 18 mm and under load, approximately 12 mm. Figure 7 shows that at low compression (up to about 5 mm) the force characteristics is almost linear, at a certain compression (about 5.5-6.5 mm) the vibration isolator has the desired characteristics with quasi-zero stiffness, and with a large load the force characteristic becomes steep. This is as such because the inclined wall rests at the base of the support of the vibration isolator, so the vibration isolator is compressed as a common rubber isolator.
The natural frequency at the operating load was calculated according to the static force characteristics of the vibration isolator (i.e. natural frequency was calculated according to the operating stiffness). Natural frequency according to dynamic analyses will be determined in future studies.
A summary of results of tests of various prototypes of vibration isolator with quasi-zero stiffness are shown in Table 1 .
It is noted in Table 1 that the model with the geometric parameters d55/45 t3 is the most appropriate. This form allows you to obtain the natural frequency of the order of 1 Hz. Application of polyurethane with different stiffness allows changing the operating load over a wide range while still using the same form and production technology. Note further that regulation of the operating load is quite easy with a clamp. An example of applications of clamp is shown in Figure 8 .
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It was established that increasing of tension force of the clamp tends to increase the operating load. At the highest contraction of the clamp the operating load increases 2.7 times (see Table 2 ). At the same time operating stiffness of the vibration isolator reduces slightly, and that has a positive impact the vibration isolation efficiency. The numerical dependence of the vibration isolation characteristics on tension of the clamp has not been studied, and this will be investigated in future work. In the experimental studies, the clamp was pulled to the state when it did not easily slide off the isolator.
The natural frequency of "less than 0.5" with a clamp in Table 2 could not be accurately measured due to experimental error and hence precisely calculating as low a frequency. 
CONCLUSION
A compact vibration isolator with quasi-zero stiffness has been calculated, designed and manufactured. A two-component cold polyurethane casting has been applied, which provides a low cost and high speed of manufacture. Prototypes were made of different shapes and of different materials. Experimental studies were carried out, which allowed determining: force characteristic of the vibration isolator, operating load, stiffness of the vibration isolator at operating load, the natural frequency at operating load and the efficiency of the use of quasi-zero stiffness effect.
Various vibration isolators with quasi-zero stiffness with operating load from 0.5 kg to 24 kg have been manufactured and analyzed, achieving natural frequency of approximately 1 Hz, which is excellent for vibration isolators. With this parameter the designed vibration isolator with quasi-zero stiffness out-weight traditional means of vibration protection. The vibration isolator has an easy manufacturing technology. So mass production of the vibration isolator can be established at any plant of rubber products.
